This document contains supplemental materials for "Constrained Efficiency in a Human Capital Model ". We discuss the implementation of the constrained efficient allocation, formally analyze the effects of consumption poor household's relative income sources on pecuniary externalities, provide a further sensitivity analysis, and discuss the effects of the time investment model and the effects of different market structure. We also provide the proof of propositions in the main text and formally derive the planner's first-order conditions in an infinite horizon model.
A Implementation of the constrained efficient allocation
In this section, we discuss how we can implement the constrained efficient allocation. The constrained efficient allocation can be attained if the government directly modifies each consumer's savings and human capital investments. We can also implement the constrained efficient allocation as a competitive equilibrium using a tax(subsidy)-transfer(lump-sum tax) system that is history dependent and induces no reallocation of income across individuals or realization of idiosyncratic shocks.
In the two-period model with additive idiosyncratic shock, history-dependent taxes and transfers are represented by the initial heterogeneity-dependent taxes and transfers. The tax(subsidy)-transfer(lump-sum tax) system is then completely characterized by the linear proportional tax rates of capital income and labor income (τ k (k, h), τ l (k, h)) and transfers (T (k, h, e) ), which are functions of initial wealth and human capital (k, h) and idiosyncratic shock realization e.
Proposition 5. There exists a triple of history-dependent capital income tax rates, labor income tax rates, and income transfers (τ k (k, h), τ l (k, h), T (k, h, e)) that implements the constrained planner's allocation.
Proof By setting capital income tax rates and labor income tax rates in the following way, the Euler equation of the competitive equilibrium and the constrained planner's problem become equivalent:
(1)
Then, the following transfer function, which imposes no income transfer across agents, implements the constrained efficient allocation.
T (k, h, e) = τ k rk (k, h) + τ l w[h (k, h) + e]
Or alternatively, we can implement the same allocation using linear tax rates 1 of capital income and linear subsidy rates of human capital (τ k (k, h), s(k, h) ), lumpsum taxes in period 0 T 0 (k, h), and lumpsum transfers in period 1 T 1 (k, h), such that τ k (k, h) is set as in (1) and s (k, h ) is set to
.
B Formal Analysis of Section 3.1 and Supplement of Section 3.2
B.1 Effects of consumption poor households' relative income sources
In section 3.1 of the main text, we discussed the importance of relative income of the consumption poor. We formally show its importance in this section. First, we investigate the importance of consumption poor households' relative sources of income -human wealth vs. nonhuman wealth.
From the baseline distribution, we now make two different -perturbations: 1. -perturbation around h 1 , and 2. -perturbation around h 2 . The perturbations have the following forms:
[Case1]
where
Both case 1 and case 2 have the same mean and variance of k and h , but the perturbation in case 1 makes the consumption poor household have less human capital compared to the case 2
perturbation. The next proposition shows that in an economy where the consumption poor have relatively less human capital, ∆ k | CE is relatively lower, even though the measure of inequality of wealth and human capital does not change.
Proof We need to show that
We want to show∆ case1
can be rewritten as follows.
Since u is decreasing and convex and wh 1 + rk 1 < wh 2 + rk 2 , A > 0. Similarly, if wh 1 + rk 2 ≤
α , then wh 1 + rk 2 ≤ wh 2 + rk 1 , by the following.
(wh 1 + rk 2 ) − (wh 2 + rk 1 )
Thus if
In the other case, despite negative B, A + B > 0 since u is decreasing and convex (wh 1 + rk 1 < wh 2 + rk 1 and wh 1 + rk 2 < wh 2 + rk 2 ).
can be written as follows after some algebra.
The first term in the first bracket is positive because
From (3), the second term in the first bracket is also positive because δ 11 −δ 22 > 0 and by assumption
The second term in the second bracket is positive because X ij > 0 for all i, j and thus we only need to show that the first term in the second bracket is nonnegative. If
α , then wh 1 + rk 2 ≤ wh 2 + rk 1 and thus δ 12 − δ 21 ≥ 0.
On the other case (
can be rewritten as
and we can easily show that every bracket is positive.
In sum, 
B.2 Supplementary Graphs for Section 3.2 Figure 1 and Figure 2 show the effects of correlation on ∆ k1 | CE and ∆ k2 | CE with three different coefficient of risk aversion ψ, using the numerical example in section 3.2.
C Infinite Horizon Model: Competitive Equilibrium and Constrained Efficient Allocation
In the main text, to save space, we did not define a competitive equilibrium and derive the planner's first order conditions. In this section, we provide the formal definition and proposition for the first order conditions. 
Definition 7. A recursive competitive equilibrium is a value function, v(φ, k, h; A), policy functions
c(Φ, k, h; A), k (Φ, k, h; A), x h (Φ, k, h; A), prices r(Φ), w(Φ),
The price functions satisfy r(Φ)
= f K (K, L), and w(Φ) = f L (K, L), where K = kdΦ and L = hdΦ.
F (Φ) = T (Φ, Q)
A steady state for this economy is an invariant distributionΦ, which is the fixed point of the updating operator T . 2
The following proposition provides the first-order conditions of the constrained planner's problem, which provides the characterization of the constrained-efficient allocation. 
where the inequality becomes an equality if k
First-order condition with respect to
In the main text, we did some sensitivity analysis to see the robustness of our quantitative result.
In this section, we support the robustness by performing another sensitivity analysis with respect to 2 Even though the production technology is constant returns to scale in human capital that is accumulated over time, there is a steady state because, at the individual level, the household faces a diminishing marginal product of human capital (φ < 1). Table 1 shows the results for various combinations of (σ η , σ A ). For each σ η , we recalibrated σ A to generate earnings Gini 0.60. Since we also recalibrated β to generate the interest rate 4%, the capital-labor ratio in a competitive equilibrium is identical to that in the baseline model.
As we can see from the Table 1 , varying the variance of shock (σ η ) is not crucial for the quantitative result as long as the model is calibrated to match the earnings Gini. This is because of the following reasons. Since the human capital inequality is generated by the heterogeneity in the learning ability and the shock to human capital, when we increase the variance of the shock, the learning ability inequality should be reduced to match the same earnings Gini. Lower A-inequality makes the redistribution channel through human capital weaker (higher ∆ k2,H ), while the insurance channel becomes stronger (lower ∆ k1 ). As a result, the two effects offset each other, and the optimal capital-labor ratio is not very sensitive to varying σ η .
E Time Investment Vs. Money Investment in an Infinite Horizon Model
In section 2.2 of the main text, we already discussed the different implications of the time investment and money investment models using the two-period model. 
With a general utility function, we cannot do an exact additive decomposition, but a rough decomposition in (4) shows that there is an additional channel through the labor supply dispersion in the time investment model -the first integral in the third term of (4). This is because there is an endogenous labor supply dispersion in the time investment model, but this redistribution channel through the labor supply dispersion did not show up in the two-period model, because period 1 is the last period with full labor supply (s = 1). With the new labor supply channel, if the consumption poor household works more than the consumption rich household due to the income effect, then this labor dispersion channel is likely to increase ∆ k compared to the money investment model. Thus, time investment might weaken the endogenous human capital's implication for the overaccumulation of capital.
Note that the relationship between ∆ h and ∆ k remains in the time investment model:
Thus, most of the analytical results in the money investment model still apply. Next, we discuss that the signs of ∆ k and ∆ h are not sufficient to evaluate overinvestment in human capital. We already discussed this in section 2.2 of the main text, however, in an infinitehorizon model, the implication of the sings for under-/over-investment in human capital is even more involved. We can see this from the planner's first-order condition with respect to s :
The second term on the right-hand side is an additional term arising from the pecuniary externalities. Suppose that ∆ h is positive. Even if ∆ h is positive, increasing s has costs and benefits.
First, increasing s decreases the labor supply in the current period by h, which creates cost −h∆ h . Second, increasing s increases human capital and thus the labor supply in the next period by (1 − s) and the benefit of increasing the effective labor supply (h (1 − s )), to determine whether there is over-/under-investment in human capital.
In sum, in the time investment model, the implication of the pecuniary externalities requires more investigation of the effect of the labor supply dispersion and the relationship between s and aggregate L (in the steady state), which is left for future study. However, we would like to emphasize that the redistribution channel through human capital inequality still exists and its implication for the effective labor supply is exactly the same as that in the money investment model.
F Extension: Different Market Structure
In this paper, we analyzed the pecuniary externalities in a standard incomplete market model where the market is incomplete because there is no state-contingent asset. With this market structure, we could show that introducing human capital dispersion can reduce the marginal benefit of saving through pecuniary externalities and thus lower the optimal capital-labor ratio. The pecuniary externalities can exist in an economy where the market is incomplete for endogenous reasons.
However, the sources of pecuniary externalities and their implication depend on market structure.
Although analyzing pecuniary externalities in different market structures is beyond the scope of this paper, we briefly discuss the effects of introducing human capital in other market structures.
As an example, we consider an endogenous incomplete market due to limited commitment and show that introducing human capital can affect the pecuniary externalities in the same directions but for very different reasons.
Consider a limited commitment economy where the amount of asset trading is endogenously restricted because agents can default on the debt contract, as in Kehoe and Levine (1993) . The asset market is complete with a fully state-contingent asset, but the following enforcement constraint should be satisfied :
where V Aut (h t , s t ; w t ) is the value of agents who default in period t with human capital stock h t after realization of a shock s t . Once an agent defaults, then she can never access the financial market again and thus should live in financial autarky. However, human capital investment cannot be restricted even after deviation and thus the value of deviation is the following :
In a limited commitment literature, it is well known that a competitive equilibrium is not constrained efficient because of pecuniary externalities even though both households and the planner are facing the same participation constraints (Kehoe and Perri (2004) , Abraham and CarcelesPoveda (2006), and Park (2014) Thus, we can see that even in an endogenously incomplete market due to limited commitment, adding human capital tends to decrease the optimal capital-labor ratio from the perspective of the planner who wants to improve the pecuniary externalities. However, the sources of the pecuniary externalities are very different across models, and thus analyzing the effects of introducing human capital with different market structures will be an interesting question for future research.
G Proof of the Main Text G.1 Proof of Proposition 4
We first rewrite the ∆ k1 | CE and ∆ k2 | CE , using some simple algebra.
(i) By differentiating ∆ k1 | CE with respect to ρ, we get
where the last inequality holds because u is decreasing (u < 0) and convex (u > 0).
(ii) By differentiating ∆ k2 | CE with respect to ρ, we get 
Therefore, the planner's optimal policy rules k * and x h * that instruct a household with (k, h, A) today to save k * (k, h; A) and invest in human capital x h * (k, h; A) given the density of today ψ and k and h (thus, x h ) tomorrow must maximize
where ψ is the density of distribution Φ = T (Φ, Q(·; k , x h )) which is equivalent to maximizing
That is, for all (k, h, A) 
